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Sharp estimates are given for the constants appearing in both the smoothing
effect of general self-adjoint contraction semi-groups and uniform estimates for the
linear heat equation. The last estimate is used to prove rather sharp global existence
results for some nonlinear perturbations and suitable initial data in a quite simple
and convenient way. © 2001 Elsevier Science
1. INTRODUCTION
The smoothing effect of the heat equation is a well-known phenomenon
which is very often used in the theoretical study of parabolic equations for
existence, uniqueness and stability questions. For abstract equations of the
form
uŒ+Lu(t)=0, (1.1)
where L=L* \ 0 in a Hilbert space we are in the simplest case of the
so-called holomorphic semi-group theory. However, for practical applica-
tions it is often necessary to use more general Banach spaces and the theory
becomes much harder. A specifically difficult question, in the case of
bounded domains, is to derive estimates in operator norm which take
account of the smoothing effect and exponential decay at the same time
without losing too much information. This approach has been taken in [3]
because there is no direct way of getting exponential decay in L. norm, due
to non-differentiability of this norm at t=0 even for smooth data.
However L. estimates are both natural and crucial for the kind of ques-
tions that we shall investigate below. If we want to use such estimates in a
close-to-optimal way, the calculations of [3] have to be refined quite a bit.
The plan of this paper is the following: in Section 2 we derive an optimal
bound for smoothing effect of abstract parabolic equations on Hilbert
space. In Section 3 the estimates from [3] are refined by a very precise
study of the case of an interval. In Sections 4, 5, and 6 we discuss the
application to global existence of ‘‘small’’ solutions to the heat equation
with explosive nonlinearity. Section 7 contains some results on sufficient
smallness conditions in weaker norms. Finally in Section 8 we compare our
results with what can be deduced from the Baras–Pierre result [1] which
provides a necessary and sufficient condition for global existence. It seems
that as far as small solutions are concerned we end up with slightly weaker
conditions, due to the difficulty of handling the result of [1] in this specific
context.
2. AN OPTIMAL ESTIMATE FOR SMOOTHING EFFECT
In the literature (cf., e.g., [2, 3]), very often the smoothing effect asso-
ciated to the linear equation
uŒ+Lu(t)=0, (2.1)
where L=L* \ 0 is an unbounded linear operator on a Hilbert space H, is
stated as follows.
Proposition 2.1. For all u0 ¥H the weak solution u of (2.1) such that
u(0)=u0 satisfies u ¥ C((0,+.), D(L)) and
-t > 0, ||Lu(t)|| [ ||u0 ||
t `2
. (2.2)
The proof is classical and involves only multiplications and integration
by parts. The more general property
-t > 0, ||Lu(t)|| [M ||u0 ||
t
(2.3)
for some finite M characterizes the so-called analytic or holomorphic semi-
groups. In addition, in [6] Pazy established the following
Theorem 2.2. Assume that there is T > 0 such that for all u0 ¥H the
weak solution u of (2.1) such that u(0)=u0 satisfies
sup
0 [ t [ T
{t ||Lu(t)||} [M ||u0 || (2.4)
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for some
M<
1
e
.
Then L is a bounded operator.
It is somewhat interesting that in fact Proposition 2.1 can be refined as
follows
Proposition 2.3. For all u0 ¥H the weak solution u of (2.1) such that
u(0)=u0 satisfies
-t > 0, ||Lu(t)|| [ 1
e
||u0 ||
t
. (2.5)
Proof. Let T(t)=exp(−tL) be the semi-group generated by (−L) on H
and let Pl be the spectral resolution of the identity under L. For any t > 0
we have
(LT(t))2=F.
0
(le−lt)2 dPl [ CI
with
C=sup
l > 0
(le−lt)2=
1
t2
sup
s > 0
(se−s)2=1 1
et
22.
In particular,
-t > 0, -j ¥H, ||LT(t) j||2=O(LT(t))2 j, jP [ 1 1
et
22 ||j||2
and finally
-t > 0, ||LT(t) j|| [ ||j||
et
. (2.6)
3. REFINING THE ESTIMATES FOR EXPONENTIAL DECAY
IN UNIFORM NORM
Let W be any bounded domain of RN and let S(t) be the heat semigroup
with 0-boundary condition on “W. By iterating the elementary result of
Proposition 2.1 we have
-u0 ¥ L2(W), -t > 0, u(t) ¥ 3
.
n=1
D(Ln) … C.(W).
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In addition, S(t) is order-preserving and it follows immediately that
-t > 0, S(t) L.(W) … L.(W)
with
||S(t)|| :=||S(t)||L(L.(W)) [ sup
x ¥ W
[S(t) 1](x).
In fact let jn ¥D(W) be such that
0 [ jn [ 1; jn(x)=1 whenever dist(x, “W) \ 1/n.
Then clearly
-t > 0, ||S(t)|| \ ||S(t) jn ||L.(W).
On the other hand by the bounded convergence theorem we have jn Q 1 in
L2(W) as nQ. and since S(t) ¥L(L2(W), L.(W)) we have S(t) jn Q
S(t) 1 in L.(W) as nQ.. By letting nQ. we conclude that
||S(t)||=sup
x ¥ W
[S(t) 1](x). (3.1)
In [2], using the smoothing effect: L2(W)Q L.(W) it is shown that
||S(t)|| :=||S(t)||L(L.(W)) [Me−lt (3.2)
with
l=l1(W); M=exp 3l1 |W|2/N4p 4 . (3.3)
This estimate becomes bad if we take for W a long rectangle of R2 with
fixed width for instance. It can be considerably improved. As a first result
we state the following.
Theorem 3.1. If W=(0, p) we have
||S(t)|| :=||S(t)||L(L.(W)) [
4
p
e−t. (3.4)
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Proof. Here we have
S(t) 1=v(t, x)=C
n \ 1
e−n
2tvn sin nx
with
v2k=0; v2k+1=
2
p
Fp
0
sin(2k+1) x dx=
4
(2k+1) p
;
hence
S(t) 1=v(t, x)=
4
p
C
k \ 0
e−(2k+1)
2 t sin(2k+1) x
2k+1
.
Besides, the function v(t, · ) is positive, concave, and symmetric with respect
to x=p2 . The last property is obvious, and moreover the inequality
S(t) 1 [ 1, -t \ 0
implies
S(s+t) 1 [ S(s) 1, -s, t \ 0
which means
v(s+t, x) [ v(s, x), -s, t \ 0, -x ¥ W
In particular
vxx(t, x)=vt(t, x) [ 0, -t \ 0, -x ¥ W.
Finally v(t, · ) is increasing on (0, p2) and decreasing on (
p
2 , p) and as a con-
sequence
||v(t)||.=v 1 t, p22=4p Ck \ 0 e−(2k+1)2 t
sin(2k+1)
p
2
2k+1
=
4
p
C
n \ 0
3e−(4n+1)2 t
4n+1
−
e−(4n+3)
2 t
4n+3
4 ;
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hence
e t ||S(t)||=
4e t
p
C
n \ 0
3e−(4n+1)2 t
4n+1
−
e−(4n+3)
2 t
4n+3
4
=
4
p
511−e−8t
3
2+C
n \ 1
3e−(16n2+8n) t
4n+1
−
e−(16n
2+24n+8) t
4n+3
46 . (3.5)
We claim that in fact
Lemma 3.2.
-t \ 0, C
n \ 1
3e−(16n2+8n) t
4n+1
−
e−(16n
2+24n+8) t
4n+3
4 [ e−8t
4
.
Proof. First we establish the estimate
-n \ 1, Mn=sup
z > 0
3z16n2+8n−8
4n+1
−
z16n
2+24n
4n+3
4 < 1
4n(n+1)
. (3.6)
Indeed we have
-n \ 1, Mn=sup
s > 0
3 s2n2+n−1
4n+1
−
s2n
2+3n
4n+3
4=s2n2+2n−1
4n+1
−
s2n
2+3n
4n+3
,
where s is given by
(2n2+n−1)
s2n
2+n−2
4n+1
=(2n2+3n)
s2n
2+3n−1
4n+3
or
s2n+1=
4n+3
4n+1
2n2+n−1
2n2+3n
.
Since
(4n+3)(2n2+n−1)−(4n+1)(2n2+3n)=−4n2−4n−3 < 0
we have in particular s < 1. This implies
Mn <
1
4n+1
11−4n+1
4n+3
s2n+12= 1
4n+1
11−2n2+n−1
2n2+3n
2= 2n+1
n(4n+1)(2n+3)
.
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Now we have
2n+1
n(4n+1)(2n+3)
×4n(n+1)=
4(n+1)(2n+1)
(4n+1)(2n+3)
=
8n2+12n+4
8n2+14n+3
< 1
for all n \ 1. Therefore
2n+1
n(4n+1)(2n+3)
<
1
4n(n+1)
and (3.6) follows.
From (3.6) we deduce in particular
-t \ 0, C
n \ 1
3e−(16n2+8n) t
4n+1
−
e−(16n
2+24n+8) t
4n+3
4 [ e−8t C
n \ 1
Mn
< e−8t C
n \ 1
1
4n(n+1)
[
e−8t
4
.
Lemma 3.1 is completely proved. Combining with (3.1) we obtain
-t \ 0, e t ||S(t)|| [ 4
p
11−e−8t
12
2 < 4
p
. (3.7)
A standard scale change immediately gives the following
Corollary 3.3. If W=(0, l) we have
||S(t)|| :=||S(t)||L(L.(W)) [
4
p
e−(p
2/l2) t. (3.8)
Proof. It is immediate to check that with the notation of Theorem 3.1
v 1p2
l2
t,
p
l
x2=S(t) 1W.
The conclusion follows immediately.
More generally we have, as an easy consequence of Corollary 3.3 and the
maximum principle
Corollary 3.4. If there exists w ¥ RN with ||w||=1 and a ¥ R such that
for some d > 0
-x ¥ W, a [ (w, x) [ a+d (3.9)
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the heat semi-group S(t) in W with 0 boundary condition satisfies
||S(t)||L(L.(W)) [
4
p
e−(p
2/d2) t. (3.10)
Corollary 3.3 admits the following extension to rectangles and higher-
dimensional products.
Corollary 3.5. If for some k ¥N we have W=<kj=1 (aj, aj+lj) then
||S(t)|| :=||S(t)||L(L.(W)) [ 14
p
2k e−p2 Ckj=1 (t/l2j ). (3.11)
Proof. It is immediate to check that with the notation of Theorem 3.1
S(t) 1W=D
k
j=1
Sj(t) 1Wj ,
where
Wj=(aj, aj+lj)
and Sj(t) is the heat semi-group on Wj with 0-boundary condition. The
conclusion follows immediately.
Then again, by the maximum principle, we have
Corollary 3.6. If for some k [N there exists a family of k vectors
wj ¥ RN with ||wj ||=1 and (wi, wj)=0 whenever j ] i such that for some
dj > 0 and aj ¥ R
-x ¥ W, aj [ (wj, x) [ aj+dj (3.12)
the heat semi-group S(t) in W with 0 boundary condition satisfies
||S(t)|| :=||S(t)||L(L.(W)) [ 14
p
2k e−p2 Ckj=1 (t/d2j ). (3.13)
4. ALMOST SHARP GLOBAL EXISTENCE RESULTS
To illustrate the strength of our new inequalities we consider the semili-
near heat equation
ut−Du=|u|p−1 u, u|W=0, (4.1)
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where W is a bounded domain of RN and p > 1. According to [4, Theorem
3.1.3, p. 39], there is a sufficient condition of the type ||j||. [ r ensuring
global existence of a solution u of (4.1) with u(0)=j. In fact a necessary
and sufficient condition in order for (4.1) to have a global solution u with
u(0)=j \ 0 has been obtained in 1985 by Baras and Pierre [1]. They were
able to treat even the case where j is a measure. However, this necessary
and sufficient condition is not easy to handle in practice for j given. It is,
therefore, still of interest to look for ‘‘almost sharp’’ sufficient conditions.
As a preliminary result we shall establish a sufficient condition which was
found and proven in 1981 by Weissler [6] in the case W=RN. It is in fact
valid for any domain, bounded or unbounded.
Theorem 4.1. In order for the local solution u of (4.1) with u(0)=j to
be global in L.(W), a sufficient condition is
F.
0
||T(t) j||p−1. dt [
1
p−1
, (4.2)
where T(t) is the semi-group generated by D on H10(W).
Proof. It is sufficient to prove the result when j \ 0. In this case we set
v(t, x) :=a(t)[T(t) j](x)
a(t)=b(t)−
1
p−1
b(t)=(p−1) F.
t
||T(s) j||p−1. ds
w(t, x)=[T(t) j](x).
We have
vt−Dv=a(t)[wt−Dw]+aŒ(t) w
=−
1
p−1
[b(t)]−
p
p−1 bŒ(t) T(t) j=||T(t) j||p−1. [b(t)]−
p
p−1 T(t) j
\ (a(t) T(t) j)−p=vp.
Hence v is a super solution of (4.1) and by (4.2) we have b(0) [ 1, hence
a(0) \ 1, therefore
v(0)=a(0) j \ j.
We conclude that
u [ v on (0, Tmax(u))×W
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Hence u is global.
Among other properties, Theorem 4.1 immediately implies
Corollary 4.2. The local solution u of (4.1) with u(0)=j is global in
L.(W) as soon as
||j||. [ 3 l1+(p−1) LogM4
1
p−1
, (4.3)
where M> 1, l > 0 is any pair such that
-t > 0, -j ¥ L.(W), ||T(t) j||. [Me−lt ||j||.. (4.4)
Proof. As a consequence of (4.4) and since also ||T(t) j|| [ ||j|| we have,
introducing
T :=
LogM
l
F.
0
||T(t) j||p−1. dt=F
T
0
||T(t) j||p−1. dt+F
.
T
||T(t) j||p−1. dt
[ T ||j||p−1. +F
.
T
Me−lt ||j||p−1. dt
=||j||p−1. 5LogM
l
+
M
l(p−1)
e−lT6
=
||j||p−1.
l
5LogM+ 1
p−1
6 .
Now the hypothesis of Theorem 4.1 is satisfied provided
||j||p−1.
l
5LogM+ 1
p−1
6 [ 1
p−1
which reduces to
||j||p−1. [
l
1+(p−1) LogM
,
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clearly equivalent to the hypothesis (4.3). The proof of Corollary 4.2 is
complete.
Corollary 4.3. The local solution u of (4.1) with u(0)=j is global in
L.(W) as soon as
||j||. [
l
1
p−1
M
, (4.5)
where M> 1, l > 0 is any pair such that (4.4) is satisfied.
Proof. Corollary 4.3 follows immediately from Corollary 4.2 and the
standard inequality
1+Log w [ w
valid for any w \ 1 and applied with w=Mp−1. L
As an immediate consequence of Corollary 4.2 we have
Corollary 4.4. Let N=1 and W=(0, l). The local solution u of (4.1)
with u(0)=j is global in L.(W) as soon as
||j||. [ ˛ p2
l2 11+(p−1) Log 14
p
22ˇ 1p−1. (4.6)
Remark 4.5. If l=p the condition (4.6) becomes
||j||. [ ˛ 1
1+(p−1) Log 1 4
p
2ˇ 1p−1 (4.7)
and is automatically satisfied if
||j||. [
p
4
. (4.8)
Condition (4.8) does not depend on p and as we shall see later it is not far
from optimality. On the other hand if l > p, the condition (4.6) on ||j||. is
always more restrictive than (4.7), coming from the fact that the dissipation
is weaker. If l < p the conclusion is reversed:the condition on ||j||. is less
restrictive than (4.7), coming from the fact that the dissipation is stronger.
Finally as pQ. for a fixed l > 0, (4.6) has the form
||j||. [ 1− e(p)
with e(p)Q 0.
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In the opposite direction we have, as a consequence of the well known
method of Kaplan [5]
Proposition 4.5. Let N=1 and W=(0, l). The local solution u of (4.1)
with u(0)=j \ 0 is blowing up in finite time in L.(W) as soon as
F l
0
j(x) sin 1p x
l
2 dx \ 1p2
l2
2 1p−1 F l
0
sin 1p x
l
2 dx=2 l
p
1p2
l2
2 1p−1. (4.9)
In particular if j — c > 0, the solution u of (4.1) with u(0)=c is blowing up
in finite time as soon as c \ (p
2
l2
)
1
p−1.
Remark 4.6. If l=p and j — c > 0, the condition (4.8) is sharp up to a
factor 4p 4 1.27 for any p. The same
4
p factor measures the gap between
existence and blowing up when l=p and j — c sin x. We have the same
property for any l > 0. In addition (4.7) is even sharper, for instance for
p=2 it is sharp up to 1+Log(4p) ’ 1.24, for p=3 it is sharp up to
`1+2 Log(4p) ’ 1.22.
Another consequence of Corollary 4.2, valid for any bounded domain, is
the following
Corollary 4.7. The local solution u of (4.1) with u(0)=j is global in
L.(W) as soon as
||j||. [ ˛ l1(W)
1+
(p−1) l1(W) |W|2/N
4p
ˇ 1p−1. (4.10)
Concerning blowing-up sufficient conditions allowing to measure the
degree of sharpness of (4.10), we have the following result from Kaplan [5]
(Proposition 4.5 is just a special case)
Proposition 4.8. Let W be any bounded domain of RN and let k > 0 be a
solution of
k ¥H10(W), −Dk=l1(W) k.
The local solution u of (4.1) with u(0)=j \ 0 is blowing up in finite time in
L.(W) as soon as
F
W
j(x) k(x) dx \ l1(W)
1
p−1 F
W
k(x) dx. (4.11)
In particular if j — c > 0, the solution u of (4.1) with u(0)=c is blowing up
in finite time as soon as c \ l1(W)
1
p−1.
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Remark 4.9. The result of Corollary 4.7 is interesting for general
domains because it only requires the knowledge of l1(W) and |W|. As soon
as a particular domain is considered we usually need to be more precise. In
particular for domains with a shape close to a rectangle (4.10) may be quite
bad. If we consider first the case
W=(0, p)
condition (4.10) becomes
||j||. [ ˛ 1
1+(p−1)
p
4
ˇ 1p−1.
This is always worse than (4.7) since p4 > Log(4/p). For p=2 we are
optimal up to a factor 1+p4 ’ 1.785 which is not too bad but worse than
1.24. Our calculation from Theorem 3.1 improves the estimate, but by a
modest factor, less than 3/2. An easy calculation shows that the situation is
the same for W=(0, l), l > 0. We shall see that for a long rectangle the
estimates may be much more different. Actually the following result is an
easy consequence of Corollaries 3.6 and 4.2.
Corollary 4.10. If for some k [N there exists a family of k vectors
wj ¥ RN with ||wj ||=1 and (wi, wj)=0 whenever j ] i such that such that for
some dj > 0 and aj ¥ R
-x ¥ W, aj [ (wj, x) [ aj+dj
then the local solution u of (4.1) with u(0)=j is global in L.(W) as soon as
||j||. [ ˛ p2 Ckj=1 1d2j
1+k(p−1) Log
4
p
ˇ 1p−1. (4.12)
Applying (4.12) in the special case W=(0, p)×(0, d) we obtain the
condition
||j||. [ ˛ 1+p2d2
1+2(p−1) Log
4
p
ˇ 1p−1 (4.13)
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whereas here (4.10) gives the condition
||j||. [ ˛ l1(W)
1+
(p−1) l1(W) |W|2/N
4p
ˇ 1p−1=˛ 1+p2d2
1+(p−1) 1d
4
+
p2
d
2ˇ
1
p−1
. (4.14)
It is clear not only that (4.14) is always worse than (4.13), but as d tends
either to 0 or to infinity, the two estimates differ by a factor tending to
infinity. In other terms Corollary 4.7 is not good for thin or ‘‘long’’
domains.
5. A GENERALIZATION
In this section we derive a consequence of Theorem 4.1 generalizing
Corollary 4.2.
Corollary 5.1. Let X=L.(W) and let Y be any Banach space such
that
X … Y with continuous imbedding (5.1)
-t > 0, T(t) ¥L(Y, X) (5.2)
F.
0
||T(t)||p−1L(Y, X) dt=K<.. (5.3)
Then the local solution u of (4.1) with u(0)=j is global in L.(W) as soon as
||j||Y [ 3 1(p−1) K4
1
p−1
. (5.4)
Proof. As a consequence of (5.3)–(5.4) we have
F.
0
||T(t) j||p−1. dt [K·
1
(p−1) K
=
1
p−1
.
The proof of Corollary 5.1 is complete.
As a typical application we have
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Corollary 5.2. Let N=1, W=(0, p) and Y=L2(W), p=3. The local
solution u of (4.1) with u(0)=j is global in L.(W) as soon as
||j||2L2(W) [
3
p
. (5.5)
Proof. For any j ¥ L2(W) we expand:
j(x)= C
m \ 1
jm sin mx
with
C
m \ 1
j2m=
2
p
||j||2L2(W).
Since
[T(t) j](x)= C
m \ 1
e−m
2tjm sin mx
by the Cauchy–Schwarz inequality for series we obtain
-t > 0, ||T(t) j||2. [
2
p
C
m \ 1
e−2m
2t ||j||2L2(W)
which means
-t > 0, ||T(t)||2L(Y, X) [
2
p
C
m \ 1
e−2m
2t.
In particular, (5.2)–(5.3) are satisfied and
F.
0
||T(t)||2L(Y, X) dt [
2
p
C
m \ 1
F.
0
e−2m
2t dt=
2
p
C
m \ 1
1
2m2
=
p
6
.
Then the result is an immediate consequence of Corollary 5.1.
Remark 5.3. For N=1 and Y=L2(W), p=3 we get a very precise
estimate by using quite explicit Fourier series calculations. More generally
if Y=Lq(W), q <. we can rely on the maximum principle and by com-
paring with solutions in RN we obtain
F.
0
||T(t)||p−1L(Y, X) dt <.
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as soon as
F 1
0
dt
t
N
2q
(p−1)
<.
which is equivalent to
p < 1+2
q
N
.
In particular the global existence results of [6] for small initial data in Lq
are valid in bounded domains. If
p < 1+
2
N
we obtain global existence for j a ‘‘small positive measure.’’ We can even
get existence results in the H−s framework for s > 0 small enough. But
obtaining nearly optimal smallness conditions in such large spaces will
require more precise techniques taking account of the domain W.
APPENDIX
In this section we clarify the precise relationship between the result of
Corollary 4.2 and the Baras–Pierre condition. Let v be the solution of the
equation
vt−Dv=h, v|“W=0, v(0)=0.
Let M> 1, l > 0 be any pair such that
-t > 0, -j ¥ L.(W), ||T(t) j||. [Me−lt ||j||., (4.4)
where T(t) is the semi-group generated by D on H10(W). We have by a
standard duality argument
-t > 0, -j ¥ L1(W), ||T(t) j||1 [Me−lt ||j||1.
And even, using the contraction property in L1
-t > 0, -j ¥ L1(W), ||T(t) j||1 [ a(t)=min{1, Me−lt} ||j||1. (A.1)
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In particular, for all t \ 0
||v(t)||1 [ F
t
0
a(t−s) ||h(s)||1 ds [ 1F t
0
ap(t−s) ds21/p 1F t
0
||h(s)||pŒ1 ds21/pŒ.
First we observe that for all t \ 0,
F t
0
ap(t−s) ds=F t
0
ap(s) ds \ F.
0
ap(s) ds=A <+..
More precisely we have, introducing y=LogMl
F.
0
ap(s) ds=F y
0
ds+Mp F.
0
e−pls ds
=
LogM
l
+
Mp
pl
e−ply=
1
pl
(1+p LogM)
hence
A=
1
pl
(1+p LogM). (A.2)
Let us introduce
z(s) :=h(s) v(s)−1/p (A.3)
and for a given fixed T > 0
H=FT
0
F
W
hpŒ
vpŒ−1
dx ds=FT
0
F
W
||z||pŒpŒ ds.
By (A.3) we have in particular
||h(s)||1 [ ||z||pŒ ||v1/p||p=||z||pŒ ||v||1/p1
hence
-s \ 0, ||h(s)||pŒ1 [ ||z||pŒpŒ ||v||pŒ/p1 .
The above inequalities mean
-t > 0, ||v(t)||1 [ A1/p 1F t
0
||z||pŒpŒ ||v||
pŒ/p
1 ds21/pŒ. (A.4)
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Finally introducing
s(t) :=F t
0
||z||pŒpŒ ||v||
pŒ/p
1 ds
we have
sŒ(t)=||z||pŒpŒ ||v||pŒ/p1 [ ApŒ/p
2
s1/p ||z||pŒpŒ;
hence
(s1−1/pŒ)Œ=(1−1/p) sŒs−1/p [ (1−1/p) ApŒ/p2 ||z||pŒpŒ
and by integrating on (0, T) we obtain
(s(T))1−1/p [ (1−1/p) ApŒ/p
2
H. (A.5)
Combining (A.4) and (A.5) we get
||v(T)||1 [ A1/p(s(T))1/pŒ [ (1−1/p) A (p+pŒ)/p
2
H=(1−1/p) ApŒ/pH
and as a consequence of (A.2) we conclude that
||v(T)||1 [ A1/p(s(T))1/pŒ [ (1−1/p)
1
ppŒ/p
11+p LogM
l
2pŒ/p H
since pŒ/p=1/(p−1)=pŒ−1 this is equivalent to
||v(T)||1 [
p−1
ppŒ
11+p LogM
l
2 1p−1 H
and this implies
F
W
u0(x) v(T, x) dx [
p−1
ppŒ
11+p LogM
l
2 1p−1 H ||u0 ||..
By the Baras–Pierre theorem, u is global as soon as
p−1
ppŒ
11+p LogM
l
2 1p−1 ||u0 ||. [ p−1ppŒ
or
||u0 ||. [ 1 l1+p LogM2
1
p−1
. (A.6)
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This condition is just slightly weaker than the conclusion of Corollary 4.2
in the sense that since p LogM=(p−1) Log(M
p
(p−1)), M has been replaced
by MŒ=MpŒ >M.
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